The influence of the waveform of circularly polarized laser field on high-order harmonic (HH) generation from atoms is investigated by solving the time-dependent Schrödinger equation (TDSE) and by classical trajectory analysis, without assuming an initial transverse velocity. Both the HH simulation and the classical trajectory calculation demonstrate that the positive temporal gradient of the electric field amplitude is a key factor that makes the electron return to the parent ion possible. Moreover, the larger the temporal gradient of the field amplitude is, the more the electron trajectories will revisit the parent ion. Correspondingly, the enhancement of HH is observed. This is confirmed by the pulse-duration dependence of the harmonic yield driven by a circularly polarized laser field.
Introduction
The rapid development of attosecond physics, including the subject of high-order harmonic generation [1] [2] [3] [4] [5] , ionization [6] [7] [8] [9] [10] , target excitation [11] [12] [13] , etc., has allowed us to probe ultrafast dynamics in atoms and molecules with unprecedented temporal and spatial resolutions. Recently, high-order harmonic (HH) generation driven by circularly polarized laser fields has been a hot topic due to its potential application in the generation of circularly polarized attosecond pulses [14] [15] [16] [17] , which is a new tool for controlling and imaging ultrafast dynamics, such as charge transfer and migration and the generation of attosecond quantum electron currents for ultrafast magneto-optics.
A well-established mechanism for HH generation is semiclassical recollision [18, 19] , where the HH generation process consists of three steps: firstly an atom or molecule emits its electron to a continuous state; secondly the electron is accelerated in the laser field; and thirdly the accelerated electron recombines with the parent ion and a high energy photon is radiated, which is called HHs. Both experimental and theoretical investigations show that the harmonic efficiency is very sensitive to the polarization of the driving pulse [20] [21] [22] [23] [24] [25] [26] . In other words, the harmonic emission driven by a circularly polarized laser field is significantly suppressed compared with that driven by a linearly polarized laser field. The underlying mechanism is only those electrons which can return to the parent ion core are responsible for HH generation. However, in a circularly polarized field, the ionized electrons are transversely accelerated by the driving field, consequently missing the core [27] [28] [29] [30] . In previous investigations, it has been shown that an initial transverse velocity can compensate the transverse drift induced by the circularly polarized laser field. Hence the electron trajectories with an initial transvers velocity can lead to the electron return and HH generation [27] [28] [29] [30] . Whereas, the discussion on the factors leading to the electron return and HH generation driven by circularly polarized laser pulse is incomplete.
In this paper, we study the influence of the waveform of driving field on high-order harmonic (HH) generation from atoms driven by circularly polarized laser pulses. It is found that the electron trajectories without an initial transverse velocity can also revisit the parent ion. Both the time-dependent Schrödinger equation (TDSE) simulation and the classical trajectory analysis show that the positive temporal gradient of the electric field amplitude is a key factor that makes the electron return to the parent ion possible. Moreover, the larger temporal gradient of the field amplitude is, the more electron trajectories can revisit the parent ion. Correspondingly, the harmonic yield is enhanced. This is confirmed by the pulse-duration dependence of the harmonic yield driven by a circularly polarized laser field. The classical trajectory analysis also shows that the maximum kinetic energy of the return electron, which agrees well with the harmonic cutoff position, is generally gained after multiple revisits. Our results provide a new way of controlling the HH emission in a circularly polarized laser field.
Theoretical Model
In this work, we investigate the HH generation from atom in a circularly polarized laser field by numerically solving a two-dimensional single-active-electron (SAE) TDSE (atomic units are used throughout this paper unless otherwise stated):
The Hamiltonian readsĤ (r,
E(t) is the electric field and V(r) is the model potential of the target. Here we use the SAE soft-core potential for atom, which is given by:
with a being the soft-core parameter. The TDSE is solved using the split-operator method [31] . The initial state is obtained by the imaginary-time propagation. Then the time-dependent wavefunction is obtained by real-time propagation, starting from this initial state. According to the Ehrenfest theorem [32] , the time-dependent dipole acceleration ..
d(t) is given by:
..
After obtaining the dipole acceleration, the harmonic spectrum is given by the Fourier transform of ..
d(t),
where q corresponds to the harmonic order. The integrated harmonic yield between ω 1 and ω 2 is given by:
The classical electron trajectory is calculated by solving the electron's Newton equation in the laser field [18, 19] :
The initial condition is given by r 0 = v 0 = 0 at the time of tunneling.
Numerical Results and Discussion
We take the He atom as an example to investigate the HH generation from atom in a circularly polarized laser field. Hence, the soft-core parameter a takes the value of 0.27 to simulate the ionization potential of the He atom (24.26 eV). For a circularly polarized laser field propagating along the z axis, the x and y components of the electric field are respectively given by:
Here,
is the field amplitude corresponding to the intensity I 0 , f(t) is the envelope of the laser field. When f(t) = 1, the circularly polarized field has a constant amplitude. In Figure 1 , the harmonic spectra for a circularly polarized field with a constant amplitude (panel a) and a sine-squared envelope (panel b) are presented. Three different wavelengths are considered, while the laser intensity is fixed at 1.0×10 14 W/cm 2 . The total interaction time is 10 optical cycles for all the cases.
Interestingly, the harmonic spectra generated by the laser field with a constant amplitude and a sine-squared envelope possess quite different spectral structures. In the case of constant amplitude shown in Figure 1a , significant signals can only be observed below and near the ionization energy, as denoted by the black dash-dotted line. After that, the spectral intensity decreases very quickly. Moreover, the harmonic spectrum does not change too much when varying the wavelength of the driving laser. These features are quite different from those observed in the harmonic spectrum driven by a linearly polarized field, i.e. there is a plateau followed by a wavelength-dependent cutoff. The plateau and the dependence of the cutoff on the wavelength of the driving pulse are the typical features caused by the recollision mechanism. Hence, in the case of the laser field with constant amplitude, the harmonics caused by the recollision mechanism are significantly suppressed. They can't be observed in the spectrum. The significant suppression of the high-order harmonics implies that there is no sufficient returns of the electron. Whereas, in the case of laser field with a sine-squared envelope shown in Figure 1b , the HH spectra present the typical features caused by the recollision mechanism. In detail, there is an obvious plateau followed by a cutoff in each harmonic spectrum. The harmonic cutoff is extended when increasing the wavelength of the driving field. They are around 37.19 eV, 52.03 eV, and 72.76 eV for the wavelength of 800 nm, 1200 nm, and 1600 nm, respectively. If the ponderomotive energy of a free electron in a circularly polarized laser field is given by U p = (E 0 ) 2 4ω 2 , then the cutoff position satisfies E cuto f f ∼ = I p + 2U p , which is consistent with previous reports. The above harmonic spectral features indicate that sufficient electron recollision occurs to induce high-order harmonic generation in the case of sine-squared laser field. for all the cases. Hence, the high-order harmonics caused by the recollision mechanism are significantly suppressed, unless the driving field possesses an envelope. It is indicated that the time-varying amplitude of the driving field plays an important role in the electron return to the parent ion. The wavelength of the driving field is fixed at 800 nm. The total interaction time is 10 optical cycles for all the cases, where the rising and falling time of the trapezoidal pulse is two optical cycles. As shown in these figures, a similar phenomenon to that in Figure 1 is observed. Namely, in the case of constant amplitude shown in Figure 2a , there are no significant signals above the ionization energy and the spectrum is not influenced significantly by varying the laser intensity. Whereas, when the field is added a finite envelope, the typical features of the harmonic spectrum appear. For each harmonic spectrum shown in Figure 2b -d, there is a plateau above the ionization energy and followed by a cutoff. The cutoff positions are almost the same for the three different envelopes when the intensities of the driving pulses are the same, as indicated by the red dashed and blue solid arrows in Figure 2b -d. But the cutoff position is extended when increasing the pulse intensity. Moreover, the cutoff position satisfies E cuto f f ∼ = I p + 2U p for all the cases. Hence, the high-order harmonics caused by the recollision mechanism are significantly suppressed, unless the driving field possesses an envelope. It is indicated that the time-varying amplitude of the driving field plays an important role in the electron return to the parent ion. To explain the above finding, we perform an analysis of the classical trajectory of the electron in circularly polarized laser fields. As examples, the laser fields with constant amplitude and a sine-squared envelope are considered. The intensity, wavelength, and pulse duration of the two driving laser field are respectively 1.0 × 10 W/cm , 800 nm, and 10 optical cycles. The corresponding harmonic spectra are presented by the red dotted curves in Figure 1 . By solving the Newton's Equation of the freed electron in the two driving laser fields, the classical trajectories of the electron are obtained. For both two laser fields, the electron is set to start from the origin at zero velocity [18, 19] . The electron return is determined by the distance between the electron and the parent ion r. When r is less than 4 a.u., then we treat this situation as an efficient return to the parent ion [33] . In Figures 3 and 4 , we present a typical trajectory for the laser field with constant amplitude (Figures 3a-c) and four typical trajectories for the sine-squared laser field (Figures 3d-i) and Figures  4a-f) . We denote the four typical trajectories of sine-squared laser field as trajectory "a" (Figures 3d-f) ), trajectory "b" (Figures 3g-i) , trajectory "c" (Figures 4a-c) , and trajectory "d" (Figures 4d-f) , respectively. The time-dependent r, the two-dimensional displacement of the electron, and the evolution of the electron kinetic energy for each trajectory are presented in the first, second, and third columns of Figures 3 and 4 , respectively. In Figures 3a,d ,g, and 4a,d, the x component of the electric field is presented by the pink dash-dotted curve. In addition, the electric field and the vector potential at the initial time for the four typical trajectories of sine-squared laser field are also depicted by the corresponding characters in Figures 4g,h, respectively. To explain the above finding, we perform an analysis of the classical trajectory of the electron in circularly polarized laser fields. As examples, the laser fields with constant amplitude and a sine-squared envelope are considered. The intensity, wavelength, and pulse duration of the two driving laser field are respectively 1.0 × 10 14 W/cm 2 , 800 nm, and 10 optical cycles. The corresponding harmonic spectra are presented by the red dotted curves in Figure 1 . By solving the Newton's Equation of the freed electron in the two driving laser fields, the classical trajectories of the electron are obtained. For both two laser fields, the electron is set to start from the origin at zero velocity [18, 19] . The electron return is determined by the distance between the electron and the parent ion r. When r is less than 4 a.u., then we treat this situation as an efficient return to the parent ion [33] . In Figures 3 and 4 , we present a typical trajectory for the laser field with constant amplitude (Figure 3a-c) and four typical trajectories for the sine-squared laser field (Figure 3d-i) and Figure 4a-f) . We denote the four typical trajectories of sine-squared laser field as trajectory "a" (Figure 3d-f) ), trajectory "b" (Figure 3g-i) , trajectory "c" (Figure 4a-c) , and trajectory "d" (Figure 4d-f) , respectively. The time-dependent r, the two-dimensional displacement of the electron, and the evolution of the electron kinetic energy for each trajectory are presented in the first, second, and third columns of Figures 3 and 4 , respectively. In Figure 3a ,d,g, and Figure 4a ,d, the x component of the electric field is presented by the pink dash-dotted curve. In addition, the electric field and the vector potential at the initial time for the four typical trajectories of sine-squared laser field are also depicted by the corresponding characters in Figure 4g ,h, respectively. Consistent with the TDSE simulation, the classical trajectory calculation shows that there are no efficient returns of the electron in the case of laser field with constant amplitude, but obvious electron returns in the case of laser field with a short envelope. As shown in Figure 3a for the typical trajectory of the laser field with constant amplitude, the distance between the electron and the parent ion r monotonously increases. For clarity, we just show the previous-two-optical-cycle part of the trajectory, because r increases very quickly to a very large value. From Figure 3b , one can see that the x and y components of the electron displacement can't be close to zero at the same time. Hence, the electron can't return to the parent ion. As a result, the high-order harmonics due to the recollision mechanism can't be observed in the case of the driving field with constant amplitude, as demonstrated in Figure 1a by the red dashed curve. When the driving field has a short envelope, both the x and y component of the electric field have a gradually increasing amplitude during the rising edge, i.e. a positive temporal gradient of the electric field amplitude. The greater amplitude of the electric field in the following half cycle will pull the outgoing electron towards the parent ion. Hence, r presents an oscillation behavior, as shown in Figures 3d,g and 4a,d for all the four typical trajectories of the sine-squared laser field. The magnitude of the oscillation is determined by the magnitude of the positive temporal gradient of the electric field amplitude. Hence, the oscillation magnitude of r is similar for all the trajectories, as shown in Figures 3d,g and 4a,d . This oscillation behavior of r is quite different from that of the electron trajectory driven by the laser field with constant amplitude. It is this oscillation that makes the electron return to the parent ion possible. A typical trajectory for the laser field with a constant amplitude (a-c) and two typical trajectories for the sine-squared laser field (d-i). The first, second, and third columns present the time-dependent distance between the electron and the parent ion r, two-dimensional evolution of the electron displacement, and the evolution of the electron kinetic energy during the trajectory. The x component of the driving field is also presented by the pink dash-dotted curves in panels (a,d,g). The black dashed lines in the first and third columns denote the position r = 4.0 a.u. The red dotted lines in the third column denote the maximum return kinetic energy of the electron, which is consistent with the harmonic cutoff.
Consistent with the TDSE simulation, the classical trajectory calculation shows that there are no efficient returns of the electron in the case of laser field with constant amplitude, but obvious electron returns in the case of laser field with a short envelope. As shown in Figure 3a for the typical trajectory of the laser field with constant amplitude, the distance between the electron and the parent ion r monotonously increases. For clarity, we just show the previous-two-optical-cycle part of the trajectory, because r increases very quickly to a very large value. From Figure 3b , one can see that the x and y components of the electron displacement can't be close to zero at the same time. Hence, the electron can't return to the parent ion. As a result, the high-order harmonics due to the recollision mechanism can't be observed in the case of the driving field with constant amplitude, as demonstrated in Figure 1a by the red dashed curve. When the driving field has a short envelope, both the x and y component of the electric field have a gradually increasing amplitude during the rising edge, i.e. a positive temporal gradient of the electric field amplitude. The greater amplitude of the electric field in the following half cycle will pull the outgoing electron towards the parent ion. Hence, r presents an oscillation behavior, as shown in Figure 3d ,g and Figure 4a ,d for all the four typical trajectories of the sine-squared laser field. The magnitude of the oscillation is determined by the magnitude of the positive temporal gradient of the electric field amplitude. Hence, the oscillation magnitude of r is similar for all the trajectories, as shown in Figure 3d As shown in Figures 3d-f for trajectory "a", the distance between the electron and the parent ion r appears less than 4 a.u. for five times. Hence, the corresponding electron has five chances to return to the parent ion. The return kinetic energy of the electron reaches the maximum value of 12.01 eV at the fourth time, as depicted in Figure 3f by the red dashed line. This maximum value turns out to be consistent with the harmonic cutoff around 37.19 eV. As for trajectory "b" shown in Figures 3g-i and trajectory "c" shown in Figures 4a-c, r reaches the values less than 4 a.u. for three and one times, respectively. Hence, these electrons can also return to the parent ion, but the return kinetic energy of the electron can't reach the maximum value of 12.01 eV, as shown in Figures 3i and  4c . Whereas for trajectory "d" shown in Figures 4d-f , although r presents the oscillation behavior, it still can't reach a value less than 4 a.u. This is because besides the oscillation, r also presents a behavior that is gradually increasing at a certain velocity, as shown in the first column of Figures 3  and 4 . In other words, the electron also present a behavior of drifting away from the parent ion at a certain velocity, besides the circular motion, as shown in Figures 3e,h and 4b ,e. This drifting velocity is determined by the vector potential at the initial time of the trajectory, as shown in Figure 4h . The smaller the vector potential at the initial time is, the slower r increases. Because the oscillation magnitude of r is similar for all the trajectories, the trajectory with a smaller drifting velocity will have more chances to reach the value less than 4 a.u. This well explains the different return times of trajectory "a", "b", and "c". When the vector potential becomes too large, such as trajectory "d", then r increases too fast that it can not be less than 4 a.u. during the oscillation. Hence, the corresponding electron can't return once being away from the parent ion. In Figure 4i , we present all the returning As shown in Figure 3d -f for trajectory "a", the distance between the electron and the parent ion r appears less than 4 a.u. for five times. Hence, the corresponding electron has five chances to return to the parent ion. The return kinetic energy of the electron reaches the maximum value of 12.01 eV at the fourth time, as depicted in Figure 3f by the red dashed line. This maximum value turns out to be consistent with the harmonic cutoff around 37.19 eV. As for trajectory "b" shown in Figure 3g -i and trajectory "c" shown in Figure 4a -c, r reaches the values less than 4 a.u. for three and one times, respectively. Hence, these electrons can also return to the parent ion, but the return kinetic energy of the electron can't reach the maximum value of 12.01 eV, as shown in Figures 3i and 4c . Whereas for trajectory "d" shown in Figure 4d -f, although r presents the oscillation behavior, it still can't reach a value less than 4 a.u. This is because besides the oscillation, r also presents a behavior that is gradually increasing at a certain velocity, as shown in the first column of Figures 3 and 4 . In other words, the electron also present a behavior of drifting away from the parent ion at a certain velocity, besides the circular motion, as shown in Figure 3e ,h and Figure 4b ,e. This drifting velocity is determined by the vector potential at the initial time of the trajectory, as shown in Figure 4h . The smaller the vector potential at the initial time is, the slower r increases. Because the oscillation magnitude of r is similar for all the trajectories, the trajectory with a smaller drifting velocity will have more chances to reach the value less than 4 a.u. This well explains the different return times of trajectory "a", "b", and "c". When the vector potential becomes too large, such as trajectory "d", then r increases too fast that it can not be less than 4 a.u. during the oscillation. Hence, the corresponding electron can't return once being away from the parent ion. In Figure 4i , we present all the returning trajectories for the sine-squared laser field. The y axis stands for the kinetic energy at the return time plus the ionization energy of the atoms. The x axis stands for the initial time of the trajectory. From this figure, one can see that the returning kinetic energy of the electron generally reaches its maximum value at the third or fourth returns. This maximum value is consistent with the harmonic cutoff predicted by the TDSE simulation. From the above discussion, one can see that the oscillating behavior of r is caused by the gradually increasing amplitude of the electric field, i.e. the positive temporal gradient of the electric field amplitude. This oscillation behavior makes the electron's return to the parent ion possible. Hence, the positive temporal gradient of the electric field amplitude is a fundamental key factor for the electron return and finally for the high-order harmonic generation with a circularly polarized laser field. According to the classical trajectory analysis, the larger the temporal gradient of the electric field amplitude is, the larger magnitude of the oscillation of r. This means that the electron will be pulled closer to the parent ion. We define the minimum value of the vector potential that leads to no return of the electron as the threshold vector potential. Then, the threshold vector potential will be larger for a laser field with a larger temporal gradient. As a result, more electron trajectories can lead to the electron's return to the parent ion. Correspondingly, the harmonic yield will be enhanced. This provides a new way of controlling the high-order harmonic generation from atoms driven by a circularly polarized laser field.
There are two methods to increase the temporal gradient of the electric field amplitude. One is increasing the intensity of the driving field, meanwhile keeping the pulse duration constant. The other one is decreasing the pulse duration but fixing the intensity of the driving field. As the harmonic yield can also be enhanced by increasing the intensity of the driving laser field, it is difficult to identify the effect of the temporal gradient of the electric field amplitude from that of the pulse intensity for the former method. Consequently, we use the latter method to test the role of the temporal gradient of the electric field amplitude in controlling the high-order harmonic generation from atoms in a circularly polarized laser field. In Figure 5a , the harmonic spectra for circularly polarized laser fields of three different pulse durations are presented. The intensity of the laser field is fixed at 1.0 × 10 14 W/cm 2 . The three different pulse durations are 10, 50, and 90 optical cycles, respectively. For a comparison, the harmonic spectra for linearly polarized laser fields are also presented in Figure 5b . As shown in Figure 5a for circularly polarized laser field, the harmonic yield increases with decreasing pulse duration. Whereas, in the case of linearly polarized laser field, the harmonic yield decreases with decreasing pulse duration. For clarity, we used Equation (7) to calculate the integrated harmonic yield near the harmonic cutoff from 27.19 eV to 37.19 eV and more pulse durations are considered. The result is shown in Figure 5c . One can clearly see that the integrated harmonic yield increases with shortening the pulse duration. Whereas in the case of a linearly polarized laser field, the integrated harmonic yield near the cutoff from 56.67 eV to 66.67 eV decreases with shortening the pulse duration, as shown in Figure 5d . This is because in the case of linearly polarized laser field, the electron return to the parent ion happens every half cycle, independent of the temporal gradient of the electric field amplitude. The longer the pulse duration is, the more electron returns there will be. The total harmonic yield is determined by adding the contributions of all the electron returns happening during the whole pulse duration. Hence, the harmonic yield increases with increasing the pulse duration, as shown in Figure 5b ,d. Hence, it is confirmed that in the case of circularly polarized laser field, the larger the temporal gradient of the electric field amplitude is, the more trajectories can lead to the electron return. As a result, the harmonic yield increases. 
Conclusions
In conclusion, the influence of the waveform of circularly polarized laser field on high-order harmonic (HH) generation from atoms is investigated by solving the time-dependent Schrödinger equation (TDSE) and the classical trajectory analysis beyond the transverse-velocity-compensation mechanism. It is found that the HH emissions due to the electron recollision can be switched on or off by modulating the driving laser field with a finite envelope. By a detailed analysis of the classical trajectories of the ionized electron without an initial transverse velocity, we demonstrate that due to the positive temporal gradient, the amplitude of the driving field in the following half cycle is larger than that of the previous half cycle. The larger amplitude of the electric field can pull the previously outgoing electron back to the vicinity of the parent ion. Hence, the electron has the chance to recombine with the parent ion. Moreover, the greater the temporal gradient of the laser field amplitude, the more electron trajectories can return to the vicinity of the parent ion. Correspondingly, the more electrons can recombine with the parent ion and emit the high-order harmonics. As a result, the greater harmonic yield is obtained. This is confirmed by the dependence of the harmonic yield on the pulse duration of the circularly polarized driving field. In addition, the maximum kinetic energy of the return electron, which agrees well with the harmonic cutoff position, is generally gained after multiple revisits. Our results provide a new way of controlling the HH emission in a circularly polarized laser field. 
